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Abstract

The high frequency response of the inter-stage coupling

network of any amplifier is limited by the total parasitic

capacitance that exists between the output terminals of one

stage and the following input terminals. By the addition of

suitably chosen reactive elements the amplitude, phase, and

time responses of the network will be improved. A five re-

active network with three terminals is analyzed on a nor-

malized basis and compared to the simple RO network which

will be called the uncompensated reference. Two capacitive

elements in the network represent the division of the dis-

tributed parasitl.c capacLtance into lumped elements while

the remaining three elements are physical entities. Values

for the reactive elements will be selected for three dif-

ferent criteria: 1) critically damped transient response,

2) maximally flat amplitude response, and 3) linear phase

response. After the parameters have been selected the nor-

malized equations for amplitude, time delay, and step re-

sponse will be derived and plotted for comparative purposes.

Pole-zero plots are also drawn to give a more succinct pic-

ture of the networks analyzed. The calculations for this re-

port were made with either an IBM 650 computer or a desk cal-

culator. Six significant figures were maintained in the cal-

culations. However, all figures in this report will be round.-

ed off to four places.
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I. TRANSFER IMPEDANCE OF THE NETWORK

a. Introduction

The high frequency representation of the interstage

coupling network to be analyzed is shown in figure 1. A

constant-current drive is represented by the current IL

while Vz is the voltage into the next stage. Therefore,

the quantity of interest is the ratio of Ve to Ii . Co

and Cz represent lumped model representations for the

parasitic capacitance and Li, La, and 03 are the peaking

elements to be added. R is the load impedance seen at DC.

b. Normalization

By dividing all resistance and inductance by the fac-

tor R and multiplying all capacitance by the same factor

the network may be impedance scaled such that at zero

frequency the load is one ohm. Frequency scaling may be

accomplished by dividing all inductance and capacitance

by R(Ci ý C2) such that in the uncompensated case the half-

power frequency occurs at w equal to one radian per second.

These operations yield the network shown in figure 2. If

01 ý Caz C, the parasitic capacitance in the uncompensated

case, the following normalization equations will be obtain-

ed:

q =C, l-q = C
C C

k, Li kz- LP

q,•_3 0 RO
C
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Htr Ztr p: sRC
R

Tr t

By solving the above set the following denormalizing

equations are obtained:

C i =qC 03 M qiC

Cz=(1-q)C Ztr 3R Htr

Li = kiR7C La kRRSC

t RC T 0

RCC

c. Derivation

The ladder reduction method I can be used to obtain

* the normalized transfer impedance of the network shown in

figure 3.

1 V3

pqi /1I
P2 ktaq, , pkz/ 1. Vt

p 3 (l-qlktq,$ p'kal(-q)/ p(l-q)/ pqi t 1 It

p'~k~kq, (1-q)/ p-'k~kx(l-q¶),ý P2 (l-q)ki7 4 p~tiqiI p'kzqi V

,L ki/ pk?./ 1

9~k~ktqqi (l-q)/ p k~ktq(l-q)$ P3 [k~q(l-q)/ q,qko/ Ictqqi Is

/ kiqi (1-q)] / pZ[qk. / qkz/ kz(1-q)] ,L p[qýi 1-q7
1 qj,'

11tr p zkrq, / pk,&/ 1

/ pfki$ k,.]/ p1l/ qj / 1
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The following substitutions can be made:

kiq =a l-q -b

kz= c q%= d

Htr pt cd/ pc/ 1

p' abcd$ p'abo/ p 3 (ab/ ad/ cd)/ p?(a/c)/ p(ld)/ 1

Ik
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II. CRITICALLY DAMPED TRANSIENT RESPONSE

a. Selection of Parameters

This criterion requires that all the poles of Htr ooa-

lesce at one point on the negative real axis. The Laplace

inverse of this pole configuration will be void of any sine

or cosine terms and thereby of a critically damped nature.

D(p) must be of the form:(1/p. , 5P/ lOp2 / lp 3  5p~'Lp
tS

D(p) = 11 (i/d)p/ (a/c)p'/ (ab/ad/cd)pW/ abcp'Y abcdp5

By equating the coefficients of equal powers of p the follow-

inS system of equations are obtained:

X d -Oi = a/ c 10 ab ad cd

abc 1 ab-d

This set is solved directly to yield:

a: 175 b = 5 c 25

576 21 192

d 1 = 24

24 5

Solved in terms of the network parameters the following val-

ues are obtained and indicated on the network in figure 4 in

terms of the denormalizing quantities:

q,I q = 16 l-q 5

24 21 21

kz= 25 k, =1225

192 3072
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b. Step Response

Htr(p) = p' 2& / p _ / 1
4608 192

•~~~ /, 24 5, / z , !
5)5

g_ )I (p5\ 55)5
:(p/24)5P77 (p / 144( 4.

5) 5)~

The inverse Laplace of the above yields the Impulse re-

sponse:

h('T) = (24)T1 exp(-24'Y 7'f jt(ii)'1,..T9xp(-94 ^r)

1 I(24) 31 'exp(-2 ( T )

The step response can be obtained from the above:

a() h(x) /x

a(T) : 1 -exp(-4.8Y)- 4.8"exp(-4.8T)- l1.52prexp(-4.8T)

- 16.13 Texp(-4 .8T)- 11.06Trexp(-4.8y)
The above equation is shown in fi~ure 7 where it is the curve

labeled T.

o. Amplitude Response

Htr(O 1 20J)2
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t I 3

i tr 1 2cý 2m

1 / .2170 0 / .01F84 04/ .8176O" 0¢
/ 17.74X1 O 0'0 / .154oX10o'

The JHtrI is shown in fisure 8 as the T curve.

d. Normalized Time Deliy

o (0)1lm0¢--o

-9 (0) tan- NrDi- liDr
NrDr d NIDI

where Nr, Dr, Ni, and Di are the real and imaginary parts of

the numerator and the denominator of Htr(J0).

Htr(JO) = 1z_= .00542_5_ / .1302A

1 - .434o 0 7 / .009419 04/ j ( 1.042 0
/ .3925X10" 0 - .09042 0-)

-@ (0) = tan" .9115 0 - .039560 3- .3434X10'06

-2.129XIO- 6 _7

1 - .3038 02

D G

.9115 0

The above equation is shown in figure 9 as the T curve.
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III. MAXIMALLY FLAT AMPLITUDE RESPONSE

a. Selection of Parameters

This criterion requires the maximum number of derivatives

of the 1HtrI versus 0 vanish in sequence at 0 equal to zero.

An equivalent condition, which will be used below, requires

that the maximum number of derivatives of 1Htrl' versus 0 van-

ish in sequence at 0 equal to zero. This condition may be de-

rived as follows:

Htr(p) l 1/ ap/ azp 1$ aap'/

l/ b- p/ bz p2  b3p /

Htr(JO) l/ ja,90- at 0- javso0 ..

l/ Jbi 0- bato- jb0-3, ...

JHtr" = ( 1- a- to .. ) 7/ ( a,0- a-S/ ... )

1- b0to ... )'/ ( b0- b30-4/
Sl/ Mtol! M404/ ...

l/ nz¢l/ n404/ ...

= N(Oz)
D(Ot)

If D(01) is divided into N(02 ) the following ascending series in

$2 is obtained:

IHtr1 = l/ (mi- nz)Oz/ 1( M4- n4)- ni(mt- ni JI ...

From the above expression it can be seen that if the corres-

ponding coefficients of the 1Htrj1 are set equal to each other

( mt- nt, m- n4, etc. ) the conditions for maximally flat am-

plitude will be satisfied.

For the network considered:
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tHtr l1 0 i 'W-2cd)/ 41o4d_

11 0' [(1i d)'-2(a/c)] / 04 [(a/o )'t 2abo-2(ab1ad/od)(l/d)1

0 0'[(ab/ad/cd)'/2abcd(i/d)-2abc(a/c)] * ([a' b' c2

-2abcd(ab/ad/cd)]/ 0 , a' b' 'd'

Equating corresponding terms gives the following system of

equations:

c' -2cd = (l/d)2-2(a/c)

c'd' = (a/c)' z12abc-2(eab/adccd)(1( /d)

0 =(ab/ad/7cd)'/2abcd(l7/d)-2abc(a/c)

0 = atb2 ca -2abcd(ab/ad/cd)

Using the Newton-Raphson method on the above system yielded

the following results from an IBM 650 computer:

- .3002

b Z .4504

c = .2931

d = .1014

Solved in terms of the network parameters the following values

are obtained and indicated on the circuit shown in figure 5 in

terms of the denormalizing quantities:

q = .5496 k2= .2931

k,= .5462 q,= .1014

l-q = .4504

b. Amplitude Response

Htr(J0) 1 / J0.2932 - 0'.02973

1 1 JO 1.101 - 2 -5933 -j'.1954/ 04.039631 J!Oo04018

jHtrIZ = 17 .026470'7 .00088)1041

I/ .026470'/ .00088410"/ 16.17X10"'0'
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The IHtrI is shown on figure 8 as the A curve.

c. Normalized Time Delay

- G(O) =.-o830 - .0542003 - .00179006 - .000119507

1 - .3oo20 '

D = -

.80830

The above equation is shown on figure 9 as the A curve.

d. Step Response

Htr(p) = 7.396 p"/ 9.862p/ 33.65

p5 / 9.862p4/ 48.62p3/ 147.6p'/ 27 4 .1p/ 248.9

- 7.396 (p/4.931-3.055J)(p/4.931/3.055J)

(p/2.963)(p/2.443-l.7J)(pp2.443AI.7J)(p/1.007/2.91j)

(p/l.007-2.91J)

A(p) Htr(p)

p

/Ko K, / - -- / Ka
p p/l .007-2.91j P-/.1 07,--.91j p72.443-i.7j

/ K * / K
p/2.44311.7J p/2.963

K. = 1 Ka = -. 32 6 1/.6071j

K- = .2503/.2643J K3 = -. 8483

The inverse transform is obtained by using:

, [_ K / K* 2Re(K)exp(-oK t)oos /St
-21m(K)exp(-o t)sin (t

a( T) l-.8483exp(-2.963T)/ .5005exp(-l.007"T)cos2.910"r

- .5287exp(-1.007'T )sin2.910Tr- .6523exp(-2.443 T)ooll .77

- 1.214exp(-2.443T )sinl.7T

The above equation is shown in figure 7 as the A curve.
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IV. LINEAR PHASE RESPONSE ( MAXIMALLY FLAT TIME DELAY

a. Selection of Parameters

The parameters for this criterion are derived by forcing

the phase to be linear over as large a range of frequencies as

possible. If the phase is initially set equal to some constant

times frequency it will possess a Maclaurin series. The oorres-

ponding coefficients of this series can be set equal to the

phase function of the network. If this procedure is followed in

sequence until all degrees of freedom are exhausted It will

provide a system of equations that can be solved for the de-

sired parameters as follows:

- = tan-' f(0)

tan(-G) = f(0)

Let - = 60, then:

tan5' 90 / S' / 2 5 / 1750' 626'%q .

3 15 315 2835

If f($)= W,0 / 30 / 6,0 , / 60 ý 60 / ... the criterion

Is satisfied for four network parameters, since 9 is an added

variable, when:
3

3.55
26 • 17• = " '
15 315

626••
2835

For the network considered:

-0 - tan-' (l/d-c )/0 3 (ac/ct -2cd-cdt -ab-ad)/0'(2abod/acd'/o' d'

_abc)O .&abcd2

1 -I ¢
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f(O) can be divided out to give the following ascending power

series:

(1/d-c)o / (a/c?-2cd-cdZ-ntb)03/ (a2/ac"-2acd-ab/2abcd

/c" d -•abc' )Os/ (a "/aac' -2a' cd-a' b/2a' bcd/ac'd'- 1 bc'

-abc'd)0 7 / a(a•/a' -2accd-a b/2a bcd/ac d .- a be&

-abc'd• ')"/ ...

The system of equations to be solved Is therefore:

=/d-c

6 a/c3 -2cd-cdl-ab
5

24 - a /ac -2acd-a-b/2abcd/c 2 dz-abc

17W: a/a•c -2acd-a' b/2a2 bcd/ac d'-a' bo t -abo'd'
315
62 a 4 - /a"/a c' -2a~cd-a 4b/2a.3bcd/alc• d2-a~bc" -a" be' d'

2835

The above system solved by the Newton-Raphson method on an

IBM 650 computer ylelded:

a = .2987 d = .07581

b .3406 .8565

c .2193

Solving for the network values gives the following which are

also indicated in figure 6 in terms of the denormalizinE quan-

titles:

q = .6594 k&= .2193

k, = .4530 q,= .07581

l-q = .3406

b. Normalized Time Delay
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-9 tn- r60-050 0052 1 -6 T
-Q -tan.8550 -0450$ .OO857~ -28.12X10

1 - .29870'

D -9

The above equation Is shown on figure 9 as the D curve.

c. Step Response

Htr(p) =9.830 p"/, 13.19p/ 60.15

p" /13 -19P4 /83 .37P" /3060.P" /636 .0p/591.2

=9.830 (p/6.595/4.080j)(p/6.595-4.080j)

(P/3.418)(p/2.870-1.601j)(p/2.870/1.601j)(P/2.O1.6

/3 .457J~)(p/2.016-3 .457j)

A(p)= Htr(p)

p

KI~o K_____ / ___ __ Ka
p p/2.870-1.6ý0-1j pF2.7foT.6611 p 2.016-3.457J

pT2-.0-1673-4-57-J -P73-TlU

Ke = 1 Ka .3612-.-08289j

K1= .1039/1.598J K" -1.930

The Inverse transform yields the followinfL:

a(T) = 1-1.93Oexp(-3.418Tr)/.2078oxp)(-2.870T)cosl.601Tr

-3 .196exp( -2 .870T)sinl .Gol-/.7224exp( -2 .016T)cos3 .4577r

X.16c78exp( -2 .016Tr)sin3 .457T

The above equation Is shown on figUre 7 where it is the curve

labeled D.

d. Amplitude Response

Htr( iO) 1/j0.2193-02.ol663

1/0



13

lHtrl~l 1/.014840"/.000276404

1/.1214g2'/.00955304/.ooo4o8oo4'/.Oo0o20790*/2.861XlCo'0'0

The lHtrl isa shown on figure 8 as the D curve.
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V. RC R F'KSRENCE

The RC reference Is obtained by removing all peaking el-

ements. This forces Lt, La, and C3 of figure 1 to zero.

a. Step Response

Htr(p) = 1

A(p) "1 1 = K. / K,
pl 17p P 1 p

a(T) 1 - exp(-T)

b. Amplitude Response

IHtrI: 1

c. Normalized Time Delay

a(T), ýHtrl, and D are shown as the U curve on figures 7, 8,

and 9, respectively.
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FI.I.RACAC 3 TEMIA PEKN0ICI

I +
i I L2

I I

c, A C2 CV

IcC R

FIG IG. 5 REACTANCE 3 TERMINAL PEAKING CIRCUIT

L-I L2
(Cl÷+ C 212 V2 (Cl + C 2)R 2

II

Cl , C2 c C ::
CI+C C2 Cl+ C2 CI + C 2

FIG. 2. RESULT OF NORMALIZATION

[I VI kl 12 V2 k 2 13 V3

T T
" ~FIG. 3. NORMALIZED 'NETWORK

i GC-106
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.3988 R2C .1302 R2C.0

.7619 C .2381C .04167C

FIG.4. CRITICALLY DAMPED NETWORK

.5462R2 C .2931R 2 C

.5496C .4504C .1014C R

51TT T
FIG. 5. MAXIMALLY FLAT AMPLITUDE NETWORK

.4530R2 C .2193R 2 C

0 I69C.30 .07581C ;:

FIG.6. MAXIMALLY FLAT TIME DELAY NETWORK

GC- 107
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PIG. 8. AMPLITUDE RESPONSE

1 .0

A\.5

.4 -

.03

.02

.I .15 .2 .25 .3 .4,5 6 1.0 1.5 2 2.5 3 4 5 I0

.1GC -109

05



19

00 I

In 0



FIG 10. POLE -ZERO PLOTS

y Kt * 11.13

A u 
A t

- - -- - --- - -- - -- --4 - -t---- N -
-I i g s- - - A ~ -. _-

- -- - - - - - - - - - -
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VII. TAWULATIONS (2), (3), (4), and (5)

a. Step Response

T curve A curve D curve U curve

• .0026 .001267 .001651 .0952
.2 .01692 .1813
.3 .05186 .03115 .04000 .2592
.4 .1089 .3297
.5 .1847 .1289 .1572 .3935
.6 .2734 .4512
.7 .3681 .3011 .3443 .5034
.8 .4627 .5507
.9 .5523 .5216 .5934
1.0 .6337 .6364 .6570 .6321
1.1 .7053 .6671
1.2. .7663 .8475 .8321 .6988
1.3 .8172 .7275
1.4 .8588 1.005 .932P .7534
1.5 .8921 .7768
1.6 .9184 1.094 .9888 .7981
1.8 .9541 1.118 .8347
2.0 .97r4 1.096 1.010 .8647
2.2 1.052 1.005 .8892
2.5 .9957 .9889 .9988 .9179
2.7 .9664 .9328
3.0 .9652 .9991 .9502
3.5 1.000 1i.001 .9698
4.0 1.013 1.000 .9817
4.3 1.007 .9864
4.6 .9995 .9899
5.0 .9955 .9933

b. Amplitude Response

ST curve A curve D curve U curve

.2 .9958 1.000 .9979 •9755.9742 1.000 .9867 .8907

.8 .9356 1.000 .9657 .7809
1.0 .9020 .9999 .9472 .7071
1.5 .7977 .9995 .e832 .5547
2.0 .6785 .9927 .8094 .4472
2.5 .5595 .9413 .6942 .3713
2.7 .8879 .3473
3.0 .4509 .7605 .5773 .3277
3.2 .6545 .2983
3.5 .4962 .2747
4.0 .2813 .2978 .3383 .2425
5.0 .1724 .1176 .1716 .1961
8.0 .04432 .01907 .02921 .1240
10.0 .02094 .008789 .01296 .09950
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c. Normalized Time Delay

0 T curve A curve D curve U curve
.5 .9962 1.005 1.000 .92731.0 .9840 1.016 1.000 .7853
1.5 .9649 1.040 1.000 .65522.0 .9401 1.082 1.000 .55362.5 1.152 1.000 .47613.0 .8789 1.232 1.000 .4164
4.0 1.224 .9788 .33145.0 .7423 1.079 .9131 .27477.0 .6200 .8158 .7390 .204110.0 .4828 .5605 .5419 .1471

i,
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VII T•. CCO OL', $1 Odi;

From n close scrutiny of the plots many conclusions can

be derived. Most artnlytic fiuresi of merit however are more

difficult to evaluate. In most cases they can be obtained by

_nly cjut and try procedure, Therefore, unless a more accurati

solution was desired or easily evaluated, the following nu-

merical values will be obtalned by graphical interpretation.

Two common f¶iures of merit for a step response are rise

time which is the time required to go from the ten percent to

the ninety percent point and the amount of overshoot. These

qLantities are tabulated below:

A D T U

Rise Time .Pa .87 1.14 2.2

( (vershoot 12 1 0 0

If a sliý)ht overshoot can be tolerated, case D( the linear

phase criterion ) actually will give the best step response.

The three db. or half-.power frequency for the various

networks are tabulated below:

A D T U

3.103(calclulated) 2.45 1.86 1

The maximally flat amptlitude network will allow an increase

in the gain-bar, dwidth product of the network by a factor of

3.103. Actually in an amplifier composed of several peaked

stages the bandwidth increase over the simple RC coupled

case will be even greater than 3.103 since the A curve is

quite flat before brookin,., off sharply at approximately

the half-power frequency. The f•irure of 3.103 compares quite
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favornibly wilth the infinite p-akIng circuit (6) which has a

three db. pctnt at 0 4.02, and In a I4.5% improvement over

a four roactanco three terminal network (7) which has a three

db. polnt at 0 = 2.71.

A fiture of merit for the normalized time delay is the

'/4 point which In the uncompensated network corresponds to

the 4r5 do.jrees phase point. This point is tabulated below:

A D T U

07.3 6.4`3 14.•4 1
(cailculated)

This point does not portrsy the entire picture since the A

curve has cnnlderable ovirshoot. Thf./4 points for the in-

finite fnd four reactarice maximally flat time delay networks

occur at 0 = 7.4 and 0 = 5.5, respectively.

The pole-zero plots tend to tie together the three pre-

vious plots. It is seeni that the poles of the A case are clos-

est to the j axis thereby tflving the best frequency response

yet the poorest step response. The T case is just the oppo-

site while the D case is a good compromise.

I .
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